The neutral stability of spanwise-periodic mean flows to three-dimensional TollmienSchlichting (TS) disturbances is considered theoretically and numerically. The flows under consideration are (i) a triple-deck flow with a simple pressure-displacement law and (ii) a boundary layer flow on the point of separation. In both cases the stability problem is formulated and a necessary condition for the existence of neutral solutions is derived. Using a numerical approach we show that this condition is not met in case (i) for any periodic spanwise dependence and in case (ii) provided spanwise variations in the mean flow are sufficiently small. This means that neutral waves are not rendered possible by a three-dimensional skin friction in case (i) and are unlikely to exist in case (ii) for physically realistic mean flows. The implications of these results with regard to the possibility of the occurrence of vortex-TS interactions in such flows is discussed.
Introduction
OUR CONCERN in this paper is with the existence of solutions to the strongly nonlinear vortex-wave interaction (VWI) equations first formulated in a series of papers in the late eighties (1 to 5). These equations, which may be derived in a rational asymptotic manner from the three-dimensional Navier-Stokes equations at high Reynolds number, describe the effect of a small amplitude three-dimensional neutral wave on a given two-or three-dimensional mean flow. The theory can be applied to a number of high-Reynolds-number transitional flows including boundary layers (2, 4), pipe and channel flows (6, 1, 5) and flows governed by the tripledeck equations (3) . Although some of the details and scalings alter according to the flow under consideration, the main conclusion is the same, namely that a small wave perturbation is able to modify the mean flow at leading order and provide a means by which an initially two-dimensional mean flow can acquire strong three-dimensionality. The governing VW1 equations (see equation (1) below) are comprised of a set of nonlinear partial differential equations for the mean flow (essentially the three-dimensional boundary layer equations) coupled typically via a boundary condition to an ordinary differential equation for the wave amplitude.
The coupling is of a nonlinear nature so that the mean flow and wave exert strong effects upon each other's development. In view of the complicated nature of the equations no existence or uniqueness results have been formulated and only a few numerical solutions exist in the literature. Typically these solutions terminate in [ although it is not completely clear whether these results represent actual singularities in the equations or are artifacts of the rather crude numerical methods employed. In order to answer this question it is necessary to understand the properties of the system, particularly those of the pressure equation (see (6) below). Analysis of this equation is complicated by the presence of a term representing the forcing by the three-dimensional mean flow. If we consider the mean flow to be given, however, it is possible to study the pressure equation in isolation from the rest of the governing equations. In view of the fact that this equation has a relatively simple form we can prove rigorous results concerning the existence of solutions for a wide range of mean flows. These results are presented in sections 2 and 3. An attractive feature of the interaction equations is that they appear to provide a possible means by which flows which are stable to infinitesimal disturbances can become modified and possibly rendered unstable. The results of section 2 are particularly relevant to such flows. In order to discuss matters further it is convenient here to give an example of the form of the governing VW1 equations. There are slight differences according to the application but for the lower-branch stability of an incompressible boundary layer (a situation we will consider further in section 3), the mean flow (U, V, W) in Cartesian coordinates (x, y, z) is found to satisfy aii ati ail! jy+-++=o, aY -au au _ au a2u
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where Ue is the flow external to the boundary layer. These equations are subject to the usual no-slip conditions on the streamwise and normal velocity components, namely 
u + A(z), w-,0 asy+oo.
Here s2 represents the wave frequency and -A is the boundary layer displacement. The wave equations can be reduced to one equation for the pressure, as is demonstrated in (8) . This equation may be written in the form (6) Here the functions 3 and K are given in terms of the Airy function Ai by
with In this paper we will be only considering solutions that possess periodicity in the spanwise (z) direction. Such periodic boundary conditions may be required by the geometry of the problem, but in addition they are often applied to VW1 calculations in unbounded domains. Thus the appropriate boundary conditions are
with the solution valid over the range 0 < z < L. To close the system a relation between p and A is required: we return to this point later in the section. A typical approach to solving the WV1 equations given above would be to first solve (1) at a given x-location subject to the forcing slip condition (2), enabling the skin friction A. to be calculated. This information is then fed into (6) which is solved for the pressure p and a real value of the wavenumber a, with the frequency CZ typically kept fixed. This solution enables the slip condition (2) to be recomputed and then
(1) is marched forward subject to this new condition. The process is repeated so that ANDREW G. WALTON AND RUPA A. PATEL at each x-location, values of p, a and the mean velocity components are computed. Although, as remarked above, details concerning the form of the equations satisfied by the mean flow vary according to the application, the wave pressure equation (6) remains the same for strong interactions in pipe, channel -and various triple-deck flows including hypersonic and liquid-layer flows. A crucial aspect of the interaction is the interplay between the relatively long scale over which the mean flow varies and the short lengthscale associated with the wave. These scales remain intact throughout the interaction provided Q! and Q remain real. As a consequence our interest in this paper will concentrate on the conditions under which neutral solutions to (6) do or do not exist. For more details concerning the derivation of the WV1 equations the reader is referred to (9) .
When attempting a numerical solution using the procedure described above, the first problem encountered concerns the appropriate way in which to initiate the interaction, that is, what starting conditions should be imposed on equations (l), (2), (6)? Provided the pressure equation (6) admits neutral solutions when the skin friction h is constant, it seems natural to start with a two-dimensional mean flow. This is the approach adopted in (4) . Clearly whether such neutral solutions exist depends crucially on the form of pressure-displacement relation linking p to A in (6) , and this in turn depends on the specific flow under consideration. However, as remarked above, there is great interest in determining whether a VW1 can develop within a flow that is stable to linear disturbances. Such flows include pipe and supercritical liquid-layer flows where the (p, A) relation is such that there are no neutral solutions of (6) for uniform skin friction distributions. In such cases it may be thought that an interaction could be initiated by starting with some three-dimensional meanflow profile possessing spanwise periodicity and then marching the VW1 equations forward to see whether the three-dimensionality persists or ultimately decays. In the case of a pipe flow a suitable three-dimensional starting profile could be provided by the neutral mode solution derived in (10) . Under these circumstances the skin friction h becomes a function of the spanwise (or azimuthal) variable Z, and the second term in (6) is no longer identically zero. In section 2 we investigate whether neutral periodic solutions to this equation exist in such 'stable' situations for skin friction distributions possessing spanwise periodicity.
In section 3 the flow under consideration is Goldstein's solution (11) to the boundary layer equations close to a point of separation. The work of Walton, Bowles and Smith (7) demonstrates the sensitive nature of the separation process in the boundary layer and how it is affected by spanwise-dependent TS disturbances. The work described here concentrates on the stability properties closer to the separation point than in the aforementioned reference. First the equation analogous to (6) is derived and then, using techniques similar to those employed in section 2, the existence of neutral solutions to this equation is investigated.
Finally in section 4 we summarize the results obtained in sections 2 and 3 concerning the neutral stability of these flows, and discuss the implications of these results for future theoretical and numerical studies.
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2. The existence of neutral wave solutions for systems with a %table' pressure-displacement relation
In this section we investigate the existence of periodic solutions of (6) for real values of the parameters a! and S2. As discussed in section 1 we will consider the skin friction h(z) to be given and to satisfy the conditions
Physically, the condition that h is positive (which plays a crucial part in the proofs we present later) assumes that no flow separation has taken place. It may be noted that the solution of (6) 
The quantity s is real and single-signed since A(z) is positive. As mentioned briefly in section 1, when the mean-flow skin friction k is constant it is possible to seek solutions to (6) of the form p = p1 exp ipz, A = Al exp i/3z with /?, ~1, Al constants. The eigenrelation arising from (6) is of the form
It is well known (12, 13) , that there is only one value of s, SN say, at which G(s) is purely real. Computations give SN = 2*2972, G(s) = 1*0007.
For Tollmien-Schlichting waves in an incompressible boundary layer, the upperdeck pressure-displacement law is such that p1 and Al possess the same sign and therefore (13) admits a neutral solution with s = SN. This solution determines the position of the lower branch of the neutral curve at high Reynolds number. For laws of the form
however, where f(z) > 0, there are no neutral solutions to (13 (15) is then relevant to channel flows (S), for example.
The method used to tackle this problem follows that given in (15) where the case A = 0 was considered. First the pressure equation (6) may be written in self-adjoint form as
where ' denotes differentiation with respect to z and the function g is given by
with F defined in (7) . If p, g and G are split into their real and imaginary parts then (16) may be expressed in terms of the two real equations
where the operators Cl, L2 are given by
with R(S) = eDgrts) cos gi(s) , Q(S) = e-grtS) sin gi (s) .
Use of the self-adjoint boundary conditions (9) properties of Cl leads to the two i and L2, equations ntegral relations Equations (25) and (26) were solved numerically using MATHEMATICA, and plots of the real and imaginary parts of h and G are shown in Fig. 1 . The neutral value of s (where Gi = 0) referred to in (14) can be seen in Fig. Id .
In order to show that (24) does indeed hold it is convenient to define the functions
{(s, Z> = gi(s) -W, z), Us) = / S-~~~(h(t))d~, V(S, Z) = I(s) -#(s, 2)
. s--,-co
Finally, using the fact that max { -min < = max r) -min q, and substituting in the values given in (28), it can be seen that (24) is satisfied for both s > 0 and s < 0. Thus we deduce that there are no neutral solutions to (6) with pressure-displacement laws of the form (15) for skin friction distributions satisfying the conditions (10) . As mentioned earlier the same conclusions were reached in (15) for the case of A = 0, and are consistent with the numerical results of Smith (8) for flow through pipes of elliptical cross-section. The result is powerful in the sense that it applies to any positive differentiable spanwise-periodic skin friction distribution and although the conclusion is a negative one, ruling out the occurrence of a VWI, it should prevent further unnecessary numerical calculations of this type of problem. We may conclude that the linear stability properties of the two-dimensional shear flow are still relevant when discussing shear flows possessing spanwise periodicity. It seems that the extra three-dimensionality alone is not enough to destabilize the flow despite the fact that three-dimensional effects introduce an extra term into the pressure equation (6) . For the shear flows under consideration here, h was taken to be strictly positive corresponding to attached flow. We now move on to discuss the stability properties of a flow on the point of separation.
The existence of neutral wave solutions for a VW1 near separation
In this section we apply a similar method to that of section 2 to investigate the neutral stability properties of a boundary layer flow approaching separation. We begin by providing some motivation for our choice of basic flow.
The analysis of Goldstein (11) demonstrates that a boundary layer subject to an adverse pressure gradient approaching a point of separation (that is, a location where (29) indicates the presence of a squareroot singularity at separation. Walton, Bowles and Smith (7) conducted a theoretical investigation into the nonlinear stability of this flow by considering the introduction of a small-amplitude three-dimensional TS wave slightly upstream of the separation point. The appropriate governing equations for the interaction are given in section 1. Using the VW1 theory they were able to demonstrate that the skin friction h, purely a function of the downstream coordinate in Goldstein's analysis, can acquire spanwise dependence due to its interaction with the TS wave. This analysis was based upon the assumption that A >> R -! with R the global Reynolds number for the flow. One of the implications of this assumption is that the resulting region of wave activity (the lower deck) is driven purely by the linear part of the mean flow given in (29), that is, the typical value of Y there is sufficiently small that the second term in this expression dominates. Our interest here is in the limiting case when A N 0 (R-4). In this situation the lower deck is of thickness 0 (A f> relative to the boundary layer, and so the terms in (29) are now comparable in size. The stability problem to be studied may now be formulated by taking this basic flow with h = A(Z), and superimposing a three-dimensional neutral TS wave disturbance with real wavenumber cx and frequency Sz. The disturbance equations are therefore iau + av/ay + awpz = 0, (--in + ia (y2 + h(z)y)) u + (2y + h(z)) v + A'(z)yw = -icvp + a2u/8y2, 
where C is a linear second-order operator and h represents the right-hand side of (34). The solution for f which vanishes at 60 and infinity may therefore be written
where the Green's function satisfies with z the adjoint of C. Applying the integral condition (36) we see that the condition for a solution of (37) For the purposes of numerical computation problem to work with the function it is more convenient in this particular which, using the form of operator C appropriate to (34), satisfies
Substituting for h and I? in (38), the integral condition may be rewritten as an equation for the pressure:
where the dependence on the parameter a has been emphasized by its inclusion in the arguments of 1? and 6. This equation is to be solved subject to periodic boundary conditions of the form given in (9) and is analogous to equation (6) of section 1, which was derived by Smith (8) for the case of a basic shear flow of the form A(z)y.
The solutions for 6 and I?, determined from (33) and (39) respectively, depend on the specific h(z) distribution through (0 and on the frequency and wavenumber via the parameter a, Once again we note that we can take cz 2 0 without loss of generality and as before the only restrictions we will place on the skin friction distribution h are those given in (10) . 
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The proof of non-existence of neutral solutions to the pressure equation (40) 
cf. section 2. Note, however, that in contrast to the earlier work, q, and hence I, depends on two independent parameters, s and v. Figure 3 shows the variation of the real part of q with s for various values of the frequency parameter v. The determination of each point on a given curve requires the numerical solution of (41), (42) As s is increased it becomes difficult to compute accurate solutions to (41), (42) and an asymptotic approach was adopted. It can be shown that as s + 00, qr cc s--: with the coefficient of proportion decay can be seen c learly in determined by interpolation from the data computed and the asymptotic form for 4r was taken to hold for values of s > sr, say, with sr = 6. In this way the integral J could be estimated, and the values are given in Table 1 . The results given here were calculated to an accuracy of five decimal places but it is sufficient for our purposes to quote values to two decimal places. It can be seen that for values of v s 1.7, J -c 7t and we can say for certain that there are no neutral periodic solutions to (40). For u > l-7 the necessary condition we have formulated for existence of solutions is satisfied and so there is a possibility that suitable solutions may exist provided s (and hence A) varies sufficiently. Finding such solutions numerically would be difficult in view of the fact that they may only exist for certain skin friction distributions. It is also worth noting that for a real flow the quantity s is bounded above and below by positive quantities and so the integral J should be taken over a finite interval. For example, in the case of v = 3, the value of J does not exceed it until s takes on all values in the range (0, s,) with s, = 13.2. In order to achieve this range of s the flow would have to be on the verge of separation at some spanwise location and strongly attached elsewhere. Thus in reality, even at large values of v, neutral solutions to (40) would seem unlikely.
Discussion
In this paper we have discussed the neutral stability of spanwise-periodic flows governed by the triple-deck and boundary layer equations to small spanwise-periodic disturbances. In each case a necessary condition for the existence of solutions was derived. In section 2 we showed, using a combination of analytical and numerical methods, that this condition was violated for triple-deck flows with upper-deck pressure-displacement laws of the form p = -f(z) A with f(z) > 0 for all 2. One of the implications of this result is that vortex-TS interactions of the type formulated in (4) cannot persist in such flows. Thus it would seem unlikely that such interactions could play a major role in the observed transition to turbulence of flows that are known to be stable to linear disturbances, for example Hagen-Poiseuille flow and Couette flow.
In section 3 the verification that no solutions to the pressure equation exist is made more complicated by the presence of two parameters in the expressions for the dis-turbance quantities. We determined numerically a critical value of the frequency parameter V, below which neutral solutions cannot exist. The results computed suggest that unless the mean flow varies extremely rapidly in the spanwise direction, solutions are unlikely for all values of u. Since the analysis carried out here is on a shorter lengthscale (formally of O(R-$) than that presented in (7), the implication is that the VW1 considered there cannot persist in its envisaged form as far as the separation point. It is possible, however, that the interaction may singularity before re ,aching this streamwise location ., and this seems I terminate in a to be supported by numerical c alculations. In summary then, it may be possible to avoid the Goldstein singularity by the introduction of three-dimensional disturbances provided they are introduced sufficiently far upstream of the separation point.
'"
Finally, the results presented here have significance in the context of the numerical solution of the pressure equation (6) for flows with unstable (p, A)-laws. Suppose that a VW1 calculation is being carried out in a situation where the basic twodimensional flow supports a neutral wave with a value of s equal to SN. As the equations are marched downstream the mean flow will acquire spanwise dependence and s will become a function of z in accordance with (12) . The results of section 2 show that a solution to the pressure equation will only exist provided the range of values that s takes as z varies over [0, L] includes SN. It would therefore seem to be a good idea to monitor the development of s(z) as the solution evolves to ensure that the solutions being produced are still possible mathematically and are not just artifacts of the numerical method employed. The result emphasizes the importance of ensuring that, when using a finite-difference method for solving (6) , there are sufficient mesh points in the spanwise direction to resolve the solution satisfactorily (or equivalently, enough Fourier modes when adopting a spectral approach). This is particu laxly important in situations where the skin friction h(z) spanwise variations as mi .ght be expected in th .e later stages of transi t possesses strong .ion, for example.
